
Convergence of Random Variable
• Yn

p→ Y : ∀! > 0, P (|Yn − Y | > !) → 0

• Yn
d→ Y : P (Yn ≤ y) = FYn (y) → FY (y) = P (Y ≤ y)

• Yn
a.s.→ Y (Yn

w.p.1→ Y ): P ({ω : Yn(ω) → Y (ω)}) = 1

• Yn
Lp

→ Y : E[|Yn − Y |p] → 0

LLN and CLT
• x1, · · · , xN

iid∼ X, x̄n =
1
n

!n
i=1 xi, E[x̄n] = E[X] = µ.

• LLN: (S) x̄n
a.s.→ µ (assume σ2 < +∞); (W) x̄n

p→ µ

• CLT: (x̄n − µ)/(σ/
√
n)

d→ N(0, 1) (assume µ,σ2 < +∞)

DTMC
• Def : P (Xn+1 = j|Xn = i,Xn−1 = xn−1, · · · ) = P (i, j)

• P (Xm+i = xm+i, i ∈ [n] | Xi = xi, i ∈ [m]) ="n
i=1 P (xm+i−1, xm+i); Pn(x, y) = P (Xm+n = y | Xm = x)

depends on x, y, n

• C-K Eqn: Pm+n(i, j) =
!

k∈X Pn(i, k)Pm(k, j)

• Stationary: πP = π

• Irreducible: i ↔ j for all i, j ∈ X (Uniqueness)

• Aperiodic: period:=gcd{n : Pn(i, i) > 0} = 1 (Converge)
Irreducible+aperiodic i ⇒ aperiodic DTMC

• Stopping time: A stopping time T is a r.v. with values in

N ∪ {+∞} s.t. the event {T = m} is determined by X0−m

• Strong Markov Property: Let T be a stopping time for the

MC {Xn, n ≥ 0}. Then the MC regenerates at time T , i.e.,

P (XT+i, i ∈ [n] | T = m,Xi = xi, i ∈ [m]) ="n
i=1 P (xm+i−1, xm+i) [The M property holds for r.v. T ]

• Passage Time: Tx = inf{n : Xn = x}
• Recurrence and Transience: Let {Xn, n ≥ 0} be a MC on a

countable state space X . A state x is

– recurrent: Px
(Tx < ∞) = 1; transient: Px

(Tx < ∞) < 1

– positive recurrent: Ex
[Tx] < +∞ (No escape to +∞)

– null current: Px
(Tx < ∞) = 1, Ex

[Tx] = +∞

• Thm: Consider a DTMC on a state space X and x ∈ X .

– x recurrent ⇒ Px
(Xn = x for ∞ n′s) = 1

– x transient⇒ Px
(Xn = x for ∞ n′s) = 0

– x recurrent ⇔
!∞

n=1 Pn(x, x) = ∞

• Thm: Let {Xn, n ≥ 0} be a pos. recurrent and irreducible MC.

For x ∈ X , let Nx
n be the number of visits to state x up to time

n. Then there exists a unique stationary distribution π, and for

any x ∈ X and initial y ∈ X ,

lim
n→∞

Nx
n/n

w.p.1→ π(x);

if the MC is null recurrent, then there is no stationary

distribution and for all x ∈ X and initial y ∈ X ,

lim
n→∞

Nx
n/n

w.p.1→ 0

• Ergodic Thm: Let {Xn, n ≥ 0} be a aperiodic, pos. recurrent

and irreducible MC. Then there exists a unique stationary

distribution π and

lim
n→0

P (Xn = x | X0 = y) = π(x) x, y ∈ X .

The claim holds for any aperiodic, finite and irreducible MC,

since finite + irreducible ⇒ pos. recurrent.

• Time Reversible: The reverse process of a station. MC

follows the same prob. law: P ∗
(i, j) = P (i, j) for all i, j ∈ X

• Thm(Detailed Balance Eqn): For a pos. recurrent and

irreducible MC, assume π(j) ≥ 0 ∀j ∈ X , e⊤π = 1, and

πiP (i, j) = πjP (j, i) for all i, j ∈ X . Then π is the station.

distribution of this MC, and the process is time-reversible.

CTMC
Basic Structure
• Def : A CTMC defined on a countable state space X is a family

{X(t), t ≥ 0} of X -valued r.v.’s s.t. for all t, s ≥ 0,

P (X(t+ s) = xt+s | X(u) = xu, u ∈ [0, s]) =
P (X(t+ s) = xt+s|X(s) = xs)

• Holding Time: τi is exponentially distributed with vi ≥ 0;

instantaneous: vi = ∞; absorbing: vi = 0

• Trans. Prob.:
!

j ∕=i Pij = 1 for all i ∈ X
• Embedded Chain: The DTMC with the same trans. prob.

• Trans. Rate: qij = viPij ,
!

j ∕=i qij =
!

j ∕=i vipij = vi

• C-K Eqn: Pij(t+ h) =
!

k∈X Pik(h)Pkj(t)

Birth and Death Process
• vi = λi + µi, Pi,i+1 = λi/(λi + µ1) = 1− Pi,i−1

• Limit: Pn =
λn−1

µn
Pn−1, P0 = (1 +

!∞
n=1

λn−1···λ0

µn···µ1
)
−1

• Lin. Grow. with Immig. λn = nλ+ θ, µn = nµ

• Yule (X(0) = 1): λn = nλ, P (
!j

i=1 Ti ≤ t) = (1− e−λt
)
j
,

P1j(t) = e−λt
(1− e−λt

)
j−1

, pij(t) = Ci−1
j−1e

−λti
(1− eλt)j−i

• Epidemic with prob. αh+ o(h): λn = n(m− n)α, n ≤ m-1

The Kolmogorov Differential Equation

• limt→0
1−Pii

t
= vi; limt→0

Pij

t
= qij ∀j ∕= i

• Pij(t+ h)− Pij(t) =
!

k ∕=i Pik(h)Pkj(t)− [1− Pii(h)]Pij(t)

h → 0 ⇒ P
′
ij(t) =

!
k ∕=i qikPkj(t)− viPij(t) (Backward)

• Pij(t+ h)− Pij(t) =
!

k ∕=j Pik(t)Pkj(h)− [1− Pjj(h)]Pij(t)

h → 0 ⇒ P
′
ij(t) =

!
k ∕=j Pik(t)qkj − vjPij(t) (Forward)

• Forward Eqn regularity holds in B&D and finite-state

Limiting Probability
• Prop: A CTMC is irreducible iff so is its embedded chain

• Prop: A state x is recurrent/transient iff it is so in the

embedded chain (but not for pos./null recurrent)

• Prop: For an irreducible CTMC, all states are transient, pos.

recurrent or null recurrent, and always aperiodic.

• Limiting distribution: for any initial i ∈ X ,

Pj = limt→∞
1
t

# t
0 1({X(s) = j|X(0) = i})ds w.p.1

• Thm: Let {X(t), t ≥ 0} be an irreducible and pos.recurrent

CTMC, then the limit distribution is unique:

Pj = E[τj ]/E
j
[Tj ] = 1/(vjE

j
[Tj ]) > 0 ∀j ∈ X .

Moreover,

lim
t→∞

Pij(t) → Pj ∀i, j ∈ X .

If the CTMC is null recurrent or transient, then Pj = 0 for all

j ∈ X .

• Prop: For an irreducible and pos.recurrent CTMC with

limiting distribution P ,
!

i PiPij = Pj for all j ∈ X . So P is

also called stationary.

• Thm: If {X(t), t ≥ 0} is an irreducible CTMC with a

pos.recurrent embedded chain, then the limiting probability P is

unique and given by Pj = (πj/vj)/(
!

i πi/vi) for all j ∈ X ,

where π is the station. distribution of the embedded chain. If!
i πi/vi < +∞, then Pj > 0; o.w., Pj = 0.

• Balance Eqn: vjPj =
!

i Piqij ,
!

j Pj = 1

• Thm: An irreducible CTMC is pos.recurrent iff the balance

equation has a prob. solution P , which is the limiting prob.

• M/M/1: Pn = (λ/µ)n(1− λ/µ), λ < µ

Time Reversibility
• Prop: The reverse process of a irreducible CTMC with limiting

P is also a CTMC with the same P :

P (X(t−s) = j|X(t) = i,X(y), y > t) = P (X(t−s) = j|X(t) = j)

• Trans. prob. and rate P ∗
ij = (πjPji)/πi,

q∗ij = viP
∗
ij = (viπjPji)/πi

πj/πi = (vjPj)/(viPi) ⇒ Piq
∗
ij = Pjqji

• Time Reversible: q∗ij = qij , or Piqij = Pjqji (Detailed BE)

• Thm: For an irreducible and pos. recurrent CTMC. Assume P
is a prob. solution to Piqij = Pjqji. Then P is the limiting

prob. and the chain is time-reversible. (Note: DBE⇒ BE)

• Prop: An ergodic B&D is in steady state time reversible

• Corr: The output of M/M/s with λ < sµ is Poisson(λ)

• Prop: A t.r. chain with limiting P , that is truncated to the set

A ⊆ X and remains irreducible is also t.r. and has limiting

prob. PA
j = Pj/(

!
j∈A Pj) for j ∈ A

• M/M/1 with space N : Pj = (λ/µ)j/[
!N

i=0(λ/µ)
i
]

Uniformalization
• vi = v for all i ∈ X , then {N(t), t ≥ 0} is Poisson(v)

• Pij(t) =
!∞

n=0 P (X(t) = j|X(0) = i, N(t) = n)P (N(t) =

n|X(0) = i) =
!∞

n=0 P
n
ije

−vt (vt)n

n!

• Define CTMC with P ∗
ij = 1− vi/v (i = j) or viPij/v (i ∕= j)

Commonly Used Distribution
Distr. Mean Var pdf cdf

Uniform (a, b) 1
2
(a+ b) 1

12
(b− a)2 1

b−a
x−a
b−a

Binomial (n, p) np npq Ck
np

kqn−k

Geo (p) 1/p 1− p/p qn−1p 1− qn

Poisson (λ) λ λ (λke−λ
)/k!

Exp (λ) 1/λ 1/λ2 λe−λx
1− e−λx


